EE406 Discrete-Time Signal Processing Transform-Domain Representations

H

. Discrete Fourier Transform (DFT)

o The DTFT X(w)is a continuous function with infinite duration and the time-domain
sequence X[ n] is also assumed to be infinite long.

o In practice, the continuous function of X(w) is very difficult to be handled by the digital

computer. In addition, most of DSP applications are expected to process a finite-duration
input sequence (say, N elements). Therefore, we need a transform domain representation
for finite extent sequences and the representation should also be a finite extent sequence
X(k)fork=0,1, ..., N-1.

o Thediscrete Fourier transform (DFT) is defined to satisfy these two requirements.

1.1 Discrete Fourier Series (DES) — Discrete-Time version of Fourier Series

A. Fourier Series: A Freguency Analysis Technique for Continuous-Time Periodic
Signals

A continuous-time function X(t) issaid to be periodic with fundamental period T if

x(tE x(# T), tO(-c0,00)
Every periodic function can be expanded into a Fourier series as

xtE S e’ t0(-o,
(F 5o 1000
T/2 )
where ¢ =—2 [x(t)e“dt
-T/2

and o, =2x/T iscalled the fundamental frequency.

Since ™' = cos(kat) + jsin(ka,t), another form of the Fourier seriesis given by

x(tE ag gakcos(ka)ot} 2bksin(ka)ot), t (= 00, 00)
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where

= /2
/2

2
=— k
%=1 TI/ 2x(t)cos( w,t)dt,
T/2
b = x(t)sin(keu,t ).

-T/2
B. Representation of Periodic Sequences. The Discrete Fourier Series

Consider a sequence X[n] that is periodic with period N, so that X[n] =X[n+rN], for any
integer values of nand r. As with continuous-time periodic signals, such a sequence can be
represented by a Fourier series corresponding to a sum of harmonically related complex
exponential sequences, i.e., complex exponentials with frequencies that are integer multiples
of the fundamental frequency (2n/ N) associated with the periodic sequence X[n]. These
periodic complex exponentials are of the form

ek[n] :ej(zn/N)kn :ek[n+rN],

where k is an integer, and the Fourier series representation then has the form
X(n] == 3 X[K] @/
N Z '

The Fourier series representation of a continuous-time periodic signa generally requires
infinitely many harmonically related complex exponentials, whereas the Fourier series for
any discrete-time signal with period N requires only N harmonically related complex
exponentials.

Since g[n] =e\[n], e[n] =ey,[Nn], and, in generdl,

k+IN)n :ej(27r/N)knej27TIn — ej(277/N)kn

€cn [N] =g/ @M =e/[n]

where | isan integer. Thus, the Fourier series representation of a periodic sequence X[n] need
contain only N of these complex exponentials, and hence, it has the form

X[n] :%NZ?)Z“(] [@i7N)a Q)

The Fourier series coefficients )Z[k] are obtained from X[n] by the relation

X[K] = Nii[n] [ (@) )

n=

Note that the sequence )Z[k] is discrete and periodic with period N. In addition, theoretically
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the duration is infinite extent.

Equations (1) and (2) together are referred to as the discrete Fourier series (DFS)
representation of a periodic sequence.

Example 1:
A periodic sequence is given by

{x[n]} ={...0,1,3,5,0,1,3,5,0,1,3,5,..}
1

[Solution]

The fundamental period of {X[n]} isN=4, and
3

X[K] = > A [k

Now  X[O] :ii[n] gl (m4pon :ii[n] =0+1+3+5=9.
X[1] :ii[n] ERARN :ii[n](—j)” =-3+4j.
%12 =i%[n1 il :i Xin(- )" = -

X[3] =3 Xl g (emalen =Zi[n](-1)3" =-3-4j.

C. Propertiesof Discrete Fourier Series

Linearity AX[n] + By[n] « AX[K]+ BY[K]
Time Shift : X[n-m] o e @MNkmXIK]
Frequency Shift : eI o X[k —=1]

N1

Periodic Convolution: x,[n] O X,[n] = Zil[m]iz[n— m| - >‘<‘1[k]>22[k]

m=

NL o, N
Parseval’s Theorem : Z|x[n]| :Nz\xm\
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D. Relationship between DFSand DTFT

Let one period of X[n] form a non-periodic sequence x[n] and recall that the DTFT of a
sequence X[ n] existsif it is absolutely summable, i.e., Z|x[n]| <o, ItsDTFT isgiven by

X(w) = N:lx[n] @ :Nii[n] e

Comparing it with the DFS representation, then

X[k] = X (w)

w=k(277/N)

This equation shows that DFS is a frequency domain sampling of the DTFT. The DFS is
obtainable by evenly sampling the DTFT &t intervals of ¢, =277/N . In addition, one period

of the DFS is an efficient frequency domain representation of a finite extent sequence. It is
because one period of the DFS has sufficient information to reconstruct the finite extent
sequence. Based on this idea, the DFT is defined as one period of the DFS for the periodic
version of afinite extent sequence.

Example 2:

A sequence {X{n]}={0,1,3,3, compute its DTFT and by sampling the DTFT at
ke, = (271/4)k, k = 0,1, 2,3, show that it is equal to its DFS X[K].

[Solution]

TheDTFT is
X(e) = 3 xn] @ =27 +3e7210 +5e7I%

Sampling at ke, =(271/4)k, k =0,1, 2,3, we have

X(e”)= 3 {nl @ =9=X[0].

(ej2n/4) — @ i2m4 | 3ami4m4 | panibT4 — )"('[1]

(ej4n/4) — @ I4m4 | 3aitna 4 pail2m4 — )2[2]
X(ejen/4) — 1674 4 3a-il2m4 | pa-ilen4 — )"('[3]

X X

as expected.

1.2 Discrete Fourier Transform

A finite-length sequence x[n] with 0 < n < N-1 non-zero samples can be replicated to form a
periodic sequenceX[n] with

%[n] = z XN + KN
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The periodic sequence X[n] has a discrete and periodic frequency domain representation of

the DFS )Z[k] , which can be truncated by a rectangular window function Ry[n] to form a
finite extent sequence as
X[K] = X[k] Ry [K]

1, 0snsN-1
where — Ry[nl = E) otherwise

Ry[n] is awindow function that truncates a periodic sequence to a finite extent sequence

with one period of samples. The frequency domain representation X[K] is called the discrete
Fourier transform (DFT) of the sequence x[n], which is a finite-length sequence and has
sufficient information to reconstruct the sequence x[n]. The relationship among these
sequences can be summarized as follows:

o X[n] o X[K] - X[K]
and o] =X[n] R, [n], {n]= 3 {n+iN]

X[k] = X[K] (R, [K], X[K] =i X[k +iN] .
The DFT pair is defined as

-1
X[K] = QZX[n] 7N g<k < N1
Ho, otherwise

N-1
%Zﬁ X[kl @79 0<n< N1

H o otherwise

{n] =

1.3 Relationship between DFT and DTFT

Basically, the DFT is a frequency domain sampling on one period of the DTFT, i.e,,

X[K] = X (w) k=0, 1, ..., N-1

w=k(27/N)

When using DFT to compute an approximation to the DTFT of an aperiodic sequence, it is
usually necessary to modify the original sequence by windowing and/or zero-padding.
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1.4 Properties of DFT

Properties of the DFT are very much similar to other Fourier Transform or Fourier Series.
Linearity
The DFT and inverse DFT are linear operators:
AXn] + By[n] - AX[K]+ BX[K]
Time Shift

A delay of m samples in the time domain corresponds to multiplying the transform by
e—janm/N

xn—m] - X[k]e 1Z*™N

Since the sequence is assumed to be periodic, the delayed sequence still consists of the
original N values which are shifted in acircular fashion. e.g. {Xn -1} ={Xs, Xo, X1, X2}.

Circular Convolution

Convolving two time sequences is equivalent to multiplying their DFTSs.

) yink [XIn]0 YIn] R[] « X[K]CY[K]

Note that since the time sequences are assumed to be periodic with period N, the convolution
Is“circular”.

Modulation
Conversely, multiplying two sequences in time domain is equivalent to convolving their
DFTs.

{nlylnl-  X[K]OY[K]

Parseval’s Theorem

Thetotal power in the time and frequency domain is equal:

S i = > X0
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Example 3:

Let {x[n]} ={1, 2, 2} and {x,[n]}={1, 2, 3, 4}. Compute the 4-point circular convolution
x,[n] 0 X,[n].

[Solution]

Note that the sequence x[n] is a 3-point sequence while x,[n] is a4-point one. Hence we
will haveto pad one ‘0’ to x,[n] to make it a4-point sequence before circular convolution.

1. Time-domain approach:

The 4-point circular convolution is given by
3

mmé@m=§3mma®—ﬂh

m=

forn=0
niX1[m]X2([_m])4 = nia[{L 22,0143 3]
=iM&amzm.

forn=1 "
mixl[m]xz([l—mm = mi[{], 22,4 21,4,3]
=i[{2, 2,8,¢]=12.

forn=2 "
min[m]XZ([z - m])4 = mi[{l' 2.2, q{ 32 11%]
-3 faa.24]=s.

forn=3 "

3

m;xl[m]xz([s— m]), = mi[{], 2,2,4{4,3,2}]
=3 fe.6.4]-14.

0 x[n]0x,[n ={15,12,9,14.
2. Freguency-domain approach:

We first compute the 4-point DFTs of x,[n] and x,[n], multiply them sample by sample, and
then obtain the IDFT to estimate the circular convolution.

The DFT of x,[n]:
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3
X[k =5 xnje”
i (2ma)o
X,[0] =Y x[n]e 7™ =5,
n3: . . .
X[ = Z) x,[nje 1ET =1+ 207172 + 2087 )"
=1-2[j -2=-1-2j.
3
X,[2] = le[n]e'i(4”/4)" =1.

3 .
X[9= Y xinle 7 -1+

0 X,[k] ={5,-1-2j,1, -1+ 2j}
The DFT of x,[n]:
Similarly we can obtain X,[k] ={10, -2 +2j,-2,-2-2}}.
0 X,[K] X,[k] ={50,6 +2j,-2,6-2]} .
The IDFT of X4[k] XJ[K]:
: 18 i(27/4)kn
x[n] O x,[n] :Z;X[k] (e
n=0:
1S X[k] @740 =15
420 '

n=1:
13 .
=5 X[K] @@k
4 § [K]

:%[50 +(6 +2j) @72 _o aim +(6_2j)|]aj(6n/4)]
=12.

O x[nOx,[n ={15,12,9,14

which is exactly the same as the result obtained via the time-domain approach
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Summary
DTFT for X[n]: X (w) = ix[n] e
1 _» -
n=—0M0q Xw)e'“"dw.
qnj = X(w)
DFSfor aperiodic
sequence X[n]: X[K] = Zi[n] eilerNe k=0,+1,+2,..

N-1 _ _
X[n] :%Zo X[K] @@ n=0,+1,+2,...

DFT for afinite length

sequence X[ n] via

its extended periodic Xn] o X[n] » X[K] = X[K]
sequence X[n]

-1
X[K] = &x[n] /@ 0<k< N1

Ho, otherwise

N-1
(] = %ﬁ X[kl @79 o< n< N1

H o otherwise
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